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Abstract. Let G be an edge-coloured graph. Suppose that for every 
vertex v there are at least 5'^{G) distinct colours on edges incident to v. 
We say that G is properly coloured if no two adjacent edges have the 
same colour. In this paper, we show that every edge-coloured graph G 
with5'^(G) > 2|G|/3 contains a properly coloured 2-factor. Furthermore, 
we show that for any £ > there exists an integer no such that every 
edge-coloured graph G with \G\ = n > no and S'^{G) > (2/3 -I- e)n 
contains a properly coloured cycle of length £ for every 3 < £ < n. 
This result is best possible in the sense that the statement is false for 
S%G) = (2/3 - e)n. 



1. Introduction 

An edge- colouring c of a graph G is an assignment of colours to the edges 
of G. An edge- coloured graph is a graph G with an edge colouring c of G. 
An edge-coloured graph G is properly coloured if no two adjacent edges of G 
have the same colour. If all edges have distinct colours, then G is rainbow. 
If all edges have the same colour, then G is monochromatic. 

Grossman and Haggkvist [8] were the first to give a sufficient condition 
for the existence of properly coloured cycles in edge-coloured graphs with 
two colours. Later on, Yeo [H] extended the result to edge-coloured graphs 
with any number of colours. A natural question is to ask what guarantees 
the existence of properly coloured Hamiltonian paths and cycles. For an 
edge-coloured complete graph on n vertices, Beng-Jensen, Gutin and 
Yeo [1] proved that if contains a properly coloured 2-factor, then 
also contains a properly coloured Hamiltonian path. Later, Feng, Giesen, 
Guo, Gutin, Jensen and Rafiey [7] improved this result and gave a necessary 
and sufficient condition for the existence of a properly coloured Hamiltonian 
path. A graph G is said to be a 1-path-cycle if G is a vertex-disjoint union 
of at most one path and a number of cycles. Feng et al. [7] showed that 

contains a spanning properly coloured 1-path-cycle if and only if 
contains a properly coloured Hamiltonian path. 
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Given an edge-coloured complete graph on n vertices, Anion(-^n) 
is defined to be the maximum number of edges of the same colour inci- 
dent to the same vertex. In other words, Amon(-f^n) = maxA(if) over all 
monochromatic subgraphs H C K^. Bollobas and Erdos [5] proved that if 
Amon(-f^n) ^ n/69, then contains a properly coloured Hamiltonian cycle. 
They further conjectured that Amon(-f^n) < L^/^J suffices. Their result was 
subsequently improved by Chen and Daykin [6], Shearer [13] and Alon and 
Gutin [1]. In [11], the author showed that for any e > every with 
Amon(-f^n) < (1/2 " e)'^ Contains a properly coloured Hamiltonian cycle, 
provided n is large enough. Therefore, the conjecture of Bollobas and Erdos 
is true asymptotically. For a survey regarding properly coloured subgraphs 
in edge-coloured graphs, we recommend Chapter 16 of [3]. 

Given an edge-coloured graph G (not necessarily complete), the colour 
degree d^{v) of a vertex v is the number of distinct colours of edges incident 
to V. The minimum colour degree 6'^{G) of an edge-coloured graph G is the 
minimum d'^{v) over all vertices v in G. Li and Wang [9j proved that G 
contains a properly coloured path of length 26^ (G) or a properly coloured 
cycle of length at least 26^ (G)/ 3. In [10], the author improved this result 
by showing that G contains a properly coloured path of length 25^ (G) or 
a properly coloured cycle of length at least 5'^{G) + 1. In the same paper, 
the author showed that every connected edge-coloured graph G contains a 
properly coloured Hamiltonian cycle or a properly coloured path of length 
65^{G)/5 — 1. Furthermore, the author also conjectured the following. 

Conjecture 1.1 ([TO])- Every connected edge-coloured graph G contains a 
properly coloured Hamiltonian cycle or a properly coloured path of length 

imG)/2\. 

If the conjecture is true, then every edge-coloured graph G with 6'^{G) > 
2|G|/3 contains a properly coloured Hamiltonian cycle. In this paper, we 
prove the following weaker result that d'^{G) > 2|G|/3 implies a properly 
coloured 2-factor. 

Theorem 1.2. Every edge-coloured graph G with 5'^{G) > 2|G|/3 contains 
a properly coloured 2-factor. 

We also show that if 6'^{G) > (2/3 -|- e)!^!, then G does indeed contain 
a properly coloured Hamiltonian cycle. Moreover, G is properly coloured 
pancyclic. 

Theorem 1.3. For any e > 0, there exists an integer no such that every 
edge-coloured graph G with 5'^{G) > (2/3 + e)|G| and \G\ > uq contains a 
properly coloured cycle of length i for all 3 < i < \G\. 

Given a subgraph H in G, we write G—H for the (edge-coloured) subgraph 
obtained from G by deleting all edges in H. Given an edge-coloured graph G, 
let Si{G) be the minimum 5{G — H) over all monochromatic subgraphs H 
in G. Note that 5i(G) > 5^{G) — 1. Also for an edge-coloured complete 
graph K^, (5f (K^) = n — 1 — Ajnon(-f^'n)- We prove the following stronger 
statement, which implies Theorem 1 1.3[ 
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Theorem 1.4. For any e > 0, there exists an integer uq such that every 
edge- coloured graph G with > (2/3 + e)|G| and \G\ > uq contains a 

properly coloured cycle of length £ for all 3 < £ < \G\. 

We now outline the proof of Theorem 11.41 for the case when £ = \G\ 
i.e. the existence of a properly coloured Hamiltonian cycle. The proof is 
divided into two main steps. In the first step, we find (by Lemma 14. 1|) a 
small 'absorbing cycle' C in G such that given any small number of vertex- 
disjoint properly coloured paths Pi,P2, . . . , in G with V{C) n V{Pi) = 
for each i < k, there exists a properly coloured cycle C' in G with V{G') = 
V{C) U Ui<j<fc ^(Pi)- This step can be viewed as a properly edge-coloured 
version of the absorption technique introduced by Rodl, Rucihski and Sze- 
meredi [12]. Since the original absorption technique did not consider edge- 
coloured graphs, several new ideas are needed for this generalization. We 
believe that there is further potential for this adaptation of the absorption 
technique. For instance, a similar argument was also used in [llj . In the 
second step, we remove the vertices of C from G and let G' be the result- 
ing graph. Since G is small, we may assume that 5f(G') > (2/3 -|- e')|G^'l 
for some small e' > 0. Then we find a properly coloured 2-factor in G' 
using Lemma [331 such that every cycle has length at least e'\G'\/2. Hence, 
V{G') can be covered by at most 2e'~^ vertex-disjoint properly coloured 
paths Pi, P2, . . . , Pk- By the 'absorbing' property of C, there is a properly 
coloured cycle G' with V{G') = ^(C) U Ui<i<fc ^(^i) = ^(G). Therefore, 
G' is a properly coloured Hamiltonian cycle as required. 

The paper is organised as follows. In the next section, we set up some 
basic notation and give the extremal example for Conjecture 11.11 Section [3] 
will be devoted to finding properly coloured 2-factors, where we prove The- 
orem [T21 The absorbing cycle is constructed in Section HI Finally, we prove 
Theorem 11.41 in Section [5l 

2. Notation and the extremal example 

Throughout this paper unless stated otherwise, G is assumed to be an 
edge-coloured graph with edge-colouring c. Hence, c{xy) is the colour of the 
edge xy. For v € V{G), we denote by Ng{v) the neighbourhood of v in G. 
If the graph G is clear from the context, we omit the subscript. 

Given a vertex set U C V{G), write G[U] to be the (edge-coloured) sub- 
graph of G induced by U. We write G\U for the graph obtained from G by 
deleting all vertices in U. For edge-disjoint graphs G and H, we denote by 
G + if the union of G and H. We write G - H + H' to mean {G - H) + H' . 

Each path P is assumed to be directed. Hence, the paths V1V2 ■ ■ -Vi and 
viV£-.i...vi are considered to be different. Given a path P = viV2---Vi 
and a vertex x € N{vi) \ V{P), we denote by xP the path xviV2 ■ ■ ■ v^. 
Similarly, given vertex-disjoint paths Pi, . . . , Pg, then we define Pi ... to 
be the concatenation of Pi , . . . , P^ . 

Let -ff be a union of vertex-disjoint directed cycles. For each y G V{H), 
let Gy be the cycle in H that contains y. Denote by y+ and y_ the successor 

and ancestor of y in Gy respectively. Write y and y^^ for (y-)- and 

(y+)-)_. For distinct vertices y and 2: in a cycle G in H, define yG~^z and 
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yC~ z to be the paths yy+ . . . z^z and yy- ... 2;+ z in C respectively, liy = z, 
then set yC'^y = y = yC^y. 

In [To], the author gave a construction to show that Conjecture 11.11 is 
best possible for infinitely many values of |G| and 6^{G). The same con- 
struction also shows that Theorem 11.21 is best possible. We include it here 
for completeness. 

Proposition 2.1. For each n, there exists a connected edge- coloured graph 
G on n vertices with 6^{G) < 2\G\/3 which do not contain vertex-disjoint 
properly coloured cycles spanning greater than 2>5'^{G)/2 vertices. In partic- 
ular, G does not contain a properly coloured 2-factor or a properly coloured 
Hamiltonian cycle. Moreover, all properly coloured paths in G have length 
at most 35^(G)/2. 

Proof. Let n and 5 be integers with 2>5 < 2n. Let X = {xi,X2, . . . , xs} and 
Y be vertex sets with \Y\ = n — 6 and X CiY = f}>. Define G to be the edge- 
coloured graph on the vertex set X UY as follows. Let G[X] be a rainbow 
complete graph and let G\Y] be a set of independent vertices. For each 
1 < i < S, add an edge of new colour q between Xi and y for each y € 1". 
By our construction, d'^{v) = \X\ = 6 for all v G V{G) and so 5'^{G) = 6. 

Let C be a properly coloured cycle in G. Orient C into a directed cycle. 
Note that every vertex y € V(C) fl Y must be followed by two consecutive 
vertices in X, so \X n V{C)\ > 2\Y D V{C)\. Therefore, if C is a collection 
of vertex-disjoint properly coloured cycles in G, then C spans at most \X\ -\- 
\X\/2 = 35/2 vertices. The 'moreover' statement is proved by a similar 
argument. □ 

3. Properly coloured 2-factors 

First we prove Theorem II. 2t that is, every edge-coloured graph with 
6'^{G) > 2|G|/3 contains a properly coloured 2-factor. Here we present a 
sketch of the proof. Suppose that G is an edge-coloured graph on n ver- 
tices. Let H he a properly coloured subgraph in G consisting of vertex- 
disjoint cycles such that \H\ is maximal. If V{H) = V{G), then we are 
done. Hence we may assume that there exists x G V{G) \ V{H). Define 
the colour neighbourhood N'^{x) of x in G to be a maximal subset of neigh- 
bours of X in G such that c{xy) 7^ c{xz) for every distinct y,z & N'^{x). 
(The choice on N'^{x) will be specified later.) Assume that we are in the 
ideal case that N^{x) n V{H) = 0. If c{xy) ^ c{yz) 7^ c{xz) for distinct 
y,z € N'^{x), then xyzx is a properly coloued triangle and so H + xyzx 
contradicts the maximality of \H\. Hence, we may assume that for every 
y,z G N'^{x), either yx is not an edge, c{zy) = c{xy) or c{zy) = c{xz). 
By an averaging argument, there exists a vertex yo ^ N'^{x) such that the 
number of z G N'^{x) \ yo such that either yQZ ^ E{G) or c{yoz) = c{xyo) is 
at least (|iV'=(x)| - l)/2 > ((^''(G) - l)/2. Recall that there are at least 
6'^{G) — 1 neighbours v of yo with c{yov) 7^ c{xyo). This means that 
n = \V{G)\ > {6%G) - l)/2 + {5%G) - 1) + |{x,yo}| > 35%G)/2 and so 
6^{G) < 2n/3. 

Proof of Theorem \1.SX Let G be an edge-coloured graph on n vertices with 
edge-colouring c. Set 5 = 6'^{G) and V = V{G). Suppose that G does not 
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contain a properly coloured 2-factor. We will show that 6 < 2n/3. This is 
trivial if n < 2, so we may assume that n > 3. By deleting edges in G, we 
may assume that G is edge-minimal such that any additional edge deletion 
would lead to a decrease in d^{v) for some vertex v in G. If a monochromatic 
subgraph G' in G is not isomorphic to a disjoint union of stars, then there 
exists an edge uv in G' with dc (u) , cIq/ (v) > 2. Let G" = G — uv he the 
edge-coloured graph obtained from G after removing the edge uv. Note 
that dQ„{x) = dQ^x) for all vertices x G V{G). This contradicts the edge- 
minimality of G. Therefore, every monochromatic subgraph G' in G is 
a disjoint union of stars. Let H he a properly coloured subgraph in G 
consisting of vertex-disjoint cycles such that \H\ is maximal. Note that 
\H\ < n. Arbitrarily orient each cycle in H into a directed cycle. 

Fix X G y \ V{H). Let N^{x) be a maximal subset of neighbours of x 
in G such that c{xyi) ^ c{xy2) for every distinct 2/1,2/2 G N^{x). Note that 
|iV'^(x)| = d^{x). If there are at least two vertices y such that the edge xy has 
the same colour, then we choose y to be in iV'^(x) satisfying the following 
order of preferences (if there are still at least two choices for y, pick one 
arbitrarily) : 

(a) y^V{H); 

(b) y € V{H) such that c{xy) = c{yy+); 

(c) y G V{H) such that c{xy) = c{yy-)\ 

(d) y G V{H) such that xy+ ^ E{G); 

(e) y G V{H) such that c{xy) 7^ c(xy+); 

(f) y G V{H) such that c{xy) = c{xy+). 

Note that if y G N^{x) satisfies property (f), then c{xy') = c{xy) for every 
vertex y' in Cy. Define N^^-^{x) to be the set of vertices in N'^{x) chosen due 
to (a), and define N^y^-^{x), . . . ,N^^-^{x) similarly. Next, set 

{y+:ye N;;^^{x) U N^^^ix) U N^^^{x) U iVff)(x)}, 
{y- :y GiVf,)(x)}, 

R' \S', S = S'\ R', T = R'n S'. 
Note that 

\R\ + \S\ + 2\T\ + \W\ = \N^{x)\ > S. (3.1) 

If y G -R' U S' , then y G V{H). Since H consists of properly coloured cycles, 
we deduce that 

(i) if y G -R', then y_ G iV'^(x) and c{y^y ) ^ c{xyJ), and 

(n) if y G S", then y+ G N''{x) and c(y+y++) / c(y+y) = c(xy+). 

Note that (ii) is implied by the definitions of S' and N^^-^{x). If y G R' , 
then y_ G N^^^ix) U iV(<^^)(x) U Nl^^{x) U iV(<=,)(x) C Ar'=(x).'lf y_ G 7V(^b)(^)' 

then c{y^y ) 7^ c{y^y) = c{xy^) since Cy„ is a properly coloured cycle. If 

y_ G N^^-^{x) U N^^-^{x) U N^^-^{x), then c{xy-) 7^ c{y^y ) or else y_ should 

be in y_ G A'"?,^(2;). Hence, (i) is true. 



W = 
R' = 
S' = 
R = 
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Let F be the edge-coloured subgraph of G mduced by the vertex set 
W \J R\J S UT . For y G V{F), define the vertex colour c{y) to be 



c(y) 



' c{xy) if y G Wi 

c{yy+) iiy ^ R, 
c{yy~) if ye 5, 



where cq is a new colour that does not appear in G. In the following claim, 
we investigate the colours of the edges of F. 

Claim 3.1. If yz G E{F), then c{yz) = c{y) or c{yz) = c{z). In particular, 
G[T] is empty. 

Proof of claim. Suppose the claim is false, so there exists an edge yz G E{F) 
with c{yz) 7^ c{y) and c{yz) ^ c{z). We will show that there is a properly 
coloured subgraph H' in G consisting of vertex-disjoint cycles with V{H') = 
V{H) U {x,y,z} contradicting the maximality of 

If y, z G 14^ C N^{x), then c{xy) ^ c(xz). Since c(a;y) = c(y) 7^ c{yz) / 
c(z) = c(xz), then xyzx is a properly edge-coloured triangle in G. Hence 
H' = H + xyzx contradicts the maximality of \II\. 

If y G W and z € R, then c{xy) = c{y) ^ c{yz) / c{z) = c{zz^). By (i) 

we have z^ G N'^{x) and c(xz_) 7^ c{z-Z ). Moreover, c{xz-) ^ c{xy) as 

y, z_ G N^{x). Therefore, C' = xyzC^ Z-X is a properly coloured cycle. We 
obtain a contradiction by setting iif' = H — Cz + C' . Similarly, if y G 
and z € S, then we obtain a contradiction by considering C" = xyzC^ z^x 
instead of C'. If y G 14^ and z G T, then c(xy) = c(y) 7^ c{yz). Since 
is a properly coloured cycle, c{yz) 7^ 0(2; z+) or c(yz) 7^ c(zz_). Recall that 

T = R' n S', so c(xz_) 7^ c(z_2; ) and c{xz+) 7^ c{z^z^^) by (i) and (ii). 

Also, y,z-,z^ G A^'^(a;), so c{xz-) 7^ c(xy) 7^ c(x2;-|_). Hence, H — Cz + C' 
01 H — Cz + C" would imply a contradiction. 

Therefore, we may assume that y,z £ R' U S' CI V{H). In order to prove 
the claim, it is enough to show that there exist at most two vertex-disjoint 
properly coloured cycles C", C" spanning {x}UV{Cy)UV{Cz) (which would 
then imply that H' = {H — Cy — Cz) + C' + C" is a union of properly coloured 
cycles with \II'\ = \H\ + 1, a contradiction). 

Suppose that Cy and Cz are distinct. If y, 2; G i?', then by (i) we have 

y_,z__ G iV''(x), c(y_y — ) 7^ c(a;y„), c(xz_) 7^ c(z_z — ). (3.2) 

Since y-,z^ G N'^{x), we have c{xy^) 7^ c(a:;2;_). Note that c(y) 7^ c{yz) 7^ 
c(z), so 

c(2/2/+) / c(y2;) 7^ c(z2;+) (3.3) 

Hence, C = xy-C'yzC^Z-X (see Figure[T](A)) is a properly coloured cycle 
with vertex set V {Cy + C z)^ {x} . Notice that C is a properly coloured cycle 
if both ([32]) and hold. If y, 2 G R\ then dS^]) holds by (i). Therefore, 
we may assume that without loss of generality that y £ S 01 y T with 
c{yy+) = c{yz). Since T C S' and the cycle Cy is properly coloured, we have 
y £ S' and c{yy-) 7^ c(yy+) = c{yz). By (ii) and reversing the orientation on 
Cy, we have y_ G N'^{x), c{y-y ) 7^ c{xy-) and c{yy^) 7^ c{yz). Similarly, 
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by reversing the orientation on Cz if necessary, we may assume that both 
()3.2p and ()3.3p hold and so we derive a contradiction. 

Finally, suppose that C = Cy = Cz- y,z £ R, then c{yy+) = c{y) ^ 
c{yz) / c{z) = c{zz+). In particular, y^ ^ z and z+ 7^ y. By (i), 
xy-C~ zyC~^ Z-X (see Figured] (B)) is a properly coloured cycle with vertex 
set V{C) U {x}, so we are done. If ?/ G i? and z G 5, then y_ / z, oth- 
erwise xyC~^z is a properly coloured cycle by (i) and (ii). However, both 
xy-C~ z+x and yC~^zy (see Figured] (C)) are properly coloured cycles span- 
ning {x} U V{C). If y, 2; € S, then by reversing the orientation of the cycle 
C we conclude that y,z € R and so we are done, li y € T or z £ T, then 
we apply the following 'blindness' argument. Suppose that y Since the 
cycle C is properly coloured, c{yz) 7^ c{yy+) or c{yz) ^ c{yy-). We treat y 
to be in R if c(y2;) 7^ c{yy^), and y to be in 5 otherwise. We apply a similar 
treatment when z € T. Hence, we are back in the case when y,z G RL) S. 
Therefore, the proof of the claim is completed. □ 

Claim 3.2. For each vertex y G y{F) there exists a vertex u = u{y) ^ V{F) 
such that either yu ^ E{G) or c{yu) = c{y). 

Proof of claim. If y G W^, then c{y) is defined to be c{xy) and so we are 
done by setting u(y) = x. Hence, we may assume y £ R' U S' . 

If y £ R' with y_ G N^^-^{x), then xy is not an edge. Set u{y) = x for 
y £ R with y_ G N^^-^{x). U y € R' with y_ G N^^-^{x), then c(x?/_) = 
c{xz) for 2: G l^(Cj^_) by the remark after the definition of N'^{x). Hence, 
V{Cy) n N^{x) = This implies that V{Cy) n V{F) = {y} and so 

y+ ^ V^(-^)- Set u(y) = y+ for y G with y_ G N^j,-^{x). 

For each remaining vertex y G R' L) S', we are going to show that if 
xy G E{G) then c(xy) = c(y). Thus, we are done by setting u{y) = x. 
Hence, xy is assumed to be an edge for the remainder of the proof. 

Suppose that y e R' with y_ ^ ^(d)(^) U N^f)ix) (i.e. y_ G N^^^{x) U 
'^(e)^'^))' ''^^ ^~ ^ "^(d)^''')' c(a;y) 7^ c{xy^) by definition. If y_ G 

■^(b)(^)' thsn c{xy-) = c{yy-). Recall that all monochromatic subgraphs 
of G are a disjoint union of stars. Hence, c{xy) 7^ c{xy-). In summary, we 
have 

c{xy) 7^ c(xy_) for y G i?' with y_ ^ N^^^ix) U iV(<f)(x). (3.4) 

If c{xy) 7^ c{yy-^), then xyCyy^x is a properly coloured cycle and so we can 
enlarge a contradiction. Hence, c(rEy) = c{yy^) = c{y) for y £ R' with 
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y_ ^ N^^-^{x) U N^^-^{x). By a similar argument, we may assume that 

c{xy) = c{yy^) for y G S' . (3.5) 

Recall that we have already dealt with the case when y ^ R' and y_ ^ 
"^(d) (•^) "^(f ) ^'^^ beginning of the proof. This means that claim is 
true for all y G U 5. 

Suppose that y G T = R' Ci S' . We may further assume that y_ ^ 
N^^^ix) U iV(^f)(x). Since y G i?' and y_ ^ A^(d)(a^) U N^{-^{x), c{xy) = c{yy+) 
by (|3.4|) . On the other hand, since ?/ G <S", we have c(xy) = c{yy^) by (|3.5|) . 
Hence, c{yyj^) = c{yy-) contradicting the fact that the cycle Cy is properly 
coloured. Therefore, xy ^ E(G) for all y G T, so we can set n(y) = x for 
y GT. □ 

If ViF) = T, then |r| > 6/2 by 1^. By Claim EU G[T] is empty. 
Claim implies that for each y T there exists a vertex M(y) ^ U 
A''(y) as the colour c(y) = cq does not appear in G. Therefore 

S < <f{y) < \NG{y)\ <n-\T\- \u{y)\ <n- 6/2-1, 

which gives 6 < 2n/3 as required. Thus, we may assume that V{F) ^ T. 
Next, we are going to show that there exists a vertex yo G i? U 5" U such 
that 

\{z G V{F) \ {yo} : yoz ^ E{G) or c(yoz) = c(yo)}| > - l)/2. (3.6) 

Define F' to be the directed graph on V{F) such that there is a directed 
edge from y io z \i yz ^ E(F) or c{yz) = c{z). Thus, in proving ()3.6p . it 
suffices to show that there exists a vertex yo £ RU S U W with in-degree 
at least {6 — l)/2 in F' . By Claim ISTTl the base graph of F' is complete. 
Moreover, y^ exists for all y G T and z G V{F) as the colour c(y) = cq does 
not appear in G. Hence, the number of directed edges into i? U 5 U is at 
least (l-f^U'^'-"^!^ + |T||iiU5UVF|. By an averaging argument, there exists 
yo e RU S UW with in-degree 

i lXTI i 

d-{yo)>{\R\ + \S\ + \W\-l)/2 + \T\ > {6-l)/2, 

so ()3.6p holds. Recall that the colour degree dP{yo) > 6^{G) = 6, so yo meets 
at least 6 edges of distinct colours. In particular, there are at least 6 — 1 
neighbours z' of yo with c(yoz') 7^ c(yo). Hence, there are at most n — 6 
vertices z \nV\ {yo} such that either yoz ^ E{G) or c(yo2;) = c(yo). Recall 
Claim [32] that there exists u = u{yo) \ V{F) such that yo« ^ F{G) or 
c(yon) = c(yo). Together with p.6p . we have 

- (5 > |{^ G V{F) \ {yo} -.yoziE or c(yoz) = c(yo)}| + |u(yo)| 
> ((5- l)/2 + l. 

Thus, (5 < 2n/3 as required. This completes the proof of Theorem 11.21 □ 

The properly coloured 2-factor obtained by Theorem 11.21 may contain 
|G|/3 cycles. We would like to bound the number of cycles in a properly 
coloured 2-factor. In the next lemma, we show that this can be achieved by 
assuming a slightly larger 5f (G). Recall that 6i{G) is the minimum 6{G — H) 
over all monochromatic subgraphs H in G. So 5J(G) > 6^{G) — 1. 
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Lemma 3.3. For every integer k > 1, every edge- coloured graph G with 
\G\ = n and (5f (G) > 2n/3 + k contains a properly coloured 2-factor such 
that every cycle has length at least k/2. In particular, G can he covered by 
at most 2n/k vertex-disjoint properly coloured paths. 

The idea of the proof is rather simple. Recall that a 1-path-cycle is a 
vertex-disjoint union of at most one path P and a number of cycles. We 
consider a properly coloured 1-path-cycle H in G such that every cycle has 
length at least k/2 and \H\ is maximal. Suppose that V{H) = V{G), so 
we may assume that H contains a path P or else we are done. Our aim is 
to show that there exists a properly coloured 2-factor H' in such 
that each cycle has length at least k/2. Therefore H — P + H' is the desired 
properly coloured 2-factors. 

Proof of Lemma Suppose the contrary and let G be a counterexample 
with \G\ = n and 5i(G) > 2n/3 + k. Let H he a. properly coloured 1- 
path-cycle in G such that every cycle has length at least k/2 and \H\ is 
maximal. If V{H) = V[G), then H contains a path P or else we are done. 
If V{H) 7^ V{G), then we may assume H contains a path (maybe consist 
of a single vertex). Let P = ziZ2 ■ ■ ■ zi be the path in H. We further 
assume that H is chosen such that i maximum (subject to \H\ is maximal). 
Suppose that £ = 1 and so P = zi. If N{zi) \ V{H) / 0, then we can 
extend P contradicting the maximality of \H\. Hence, we may assume that 
y G V{H)riN{zi). Orient Cy into a directed cycle such that c{yy+) / c{ziy). 
Then H — Cy + ziyC^y- is a properly coloured 1-path-cycle on vertex set 
V{H) with path ziyCyy^ contradicting the maximality of L Therefore, 
l>2. 

Let Ni = {x G Ng{zi) : c{zix) / c{ziZ2)} and Ni = {x G Ng{zi) : 
c{zix) / c{zgzi_i)}. So 

\Nil\N,\>5l{G)>2n/3 + k. (3.7) 

By maximality of \H\, Ni,Ng C V{H). If y G Ni\V{P), then orient Cy into 
a directed cycle such that c{yy^) ^ c{z\y\ Then H — Cy — P + y+C~yP 
contradicts the maximality of 1. Therefore, A'^i C V{P) and similarly Ng C 
V{P). Moreover, 

£ = \V{P)\ > |iVi| > diiC) > 2n/3 + k. 

If zi e Ni and c{zize) ^ c{ziZ2), then C = zi . . . zgzi is a properly coloured 
cycle of length at least £ > k. Hence, H — P + C consists of vertex-disjoint 
properly coloured cycles each of length at least fc/3, a contradiction. There- 
fore, if zi € Ng, then c{zizi) = c{ziZ2). A similar statement also holds if 
Zi e Ni. Let 

K = ^l\ ({^1' ^2, • • • , Z[k/2'] } U {Zf, Zi_i, Z(._lk/2^ + l}) (3-8) 

for q E {1,^}. Since zi ^ A^i and zg ^ Ng, by (j3.7p . we have 

\N[\, \N'f,\ > 2n/3 + k- {2\k/2'\ - 1) > 2n/3. (3.9) 

For a given x = Zi G V{P), we write xj^ and x_ for Zj+i and Zi-i respectively. 
Set c_(x) = c(xx_) and c+(a;) = c{xxj^). For distinct x,y £ V{P), xPy 
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denotes the subpath of P from x to y. If x = y, set xPx = x. For q € {1, £}, 
define 

Rq = {x : x^ G Ng and c{x^Zq) = c+(x_)}, 
S'g = {x : x^ G N'g and c(x+Zg) = c_(x+)}, 
Sg = {x : x+ e N'g and c+(x+) / c(x+Zg) / c_(x+)}, 

Note that n 5^ = and ^ Rg U Sq. Since P is properly coloured, 
for each x S A^^i, we have c{xzi) ^ c^ix) or c{xzi) ^ c_(x). Therefore, 
the three sets {x_ : x G -Ri}, {x+ : x G S*!}, {x+ : x € S'J'} are pairwise 
disjoint. Moreover, the union of these three sets is precisely A'^(. Hence, 
there is a one-to-one correspondence between iV( and the multiset R\ U S*!, 
and a similar correspondence between N'^^ and the multiset RiU Se- Hence, 
\Rg\ + \Sg\ = \N'g\ for q G {!,£}. Note that if zi € i^i U5i, then zi € i^i 
Similarly if zi G RiU Si, then zi £ Si\ Ri. For g S {1, ^}, we set 

Wq = {{RqUSq)\{zi,Ze})U{Zg}, Tg = RgnSq, Uq = Wq\Tg. 

Since 2:2 ^ iV{, zi ^ -Ri U Si and so t/i / 0. Also, z^ ^ Ri D Si, so 
\Wi\ + iTil > |iV{[. Similarly, C/^ / and jW^I + \T(,\ > \N'^\. Moreover, for 

2|Wq| = \Wq\ + iTgl + > \N^\ + > \Uq\ + 2n/3. (3.10) 

Now define an auxiliary directed bipartite graph F with vertex classes Wi 
and Wi such that for {q,q'} = {1, ^} there is a directed edge from x S VF^ to 
y € VFg' if and only if xy G and one of the following statements holds: 

(i) x £ Rq\{TgU {zi,Zi}) and c{xy) / c+(x); 

(ii) X G 5^ \ (Tq U {zi,Zi}) and c(xy) / c_(x); 

(iii) X £Tg; 

(iv) g = 1, X = zi and c{xy) 7^ c(ziZ2); 

(v) g = X = Zi and c(x?/) 7^ c(2;£2;£_i). 

We are going to show that there exists a vertex u £ Ui L) Ue such that u is 
in at least k directed 2-cycles in F. li x € Ri\Ti, then x^ exists of y G VKg 
if and only if c{xy) ^ c+(x). Hence, the out-degree of x in F is 

dp{x) > \{z G N{x) : c{xz) / c+(x)}| + \Wi\ - n 

> SliG) + \Wi\ - n 

HslOl \TT I _|_ 2n /.3 

> (2n/3 + fc) + ^ ^ - n = (|[/^| + 2A:)/2. 

A similar statement holds for x G (S*! \ Ti) U zi. Recall that Ui = (Ri USiU 
zi)\Ti. In summary, for all x G C/i, 

> m\ + '^k)/2. 

Hence, there are at least |f/i|(|C/f | + 2k)/2 directed edges from Ui to Wg, 
and similarly there are at least |?7£|(|?7i| + 2k)/ 2 directed edges from Ui to 
Wi. Note that if x^ is a directed edge in F with x G C/i and y € Ti, then 
xy G E{G) and so {x,y} forms a directed 2-cycle in F by (iii). Hence, if 
x^ is a directed edge in F not contained in a directed 2-cycle with x £ Ui 
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and y E VF^, then y G U^. A similar statement holds for xtj with x (zU^ and 
y G Wi. Therefore, at most directed edges from Ui U are not 

contained in a directed 2-cycle in F. The number of directed edges in F 
such that X ^ Ui Li Ui and x^ is contained in a directed 2-cycle is at least 



Hence, by an averaging argument, there exists a vertex u (z Ui L) Ui that is 
in at least k directed 2-cycles in F. Assume that u (z Ui. There are at least 
k vertices w G W2 \ u such that uw is a directed 2-cycle in F. Pick one such 
w G W2 such that the subpath uPw in G has length at least k/2. Similarly, 
if u G f/^, then there is a vertex w G Wi such that uw is a directed 2-cycle 
in F and the subpath uPw in G has length at least k/2. Without loss of 
generality, we may assume that u G Wi and w G W^. 

If n G Ti = i?i n S*!, then u G Ri \ {zi,ze} with c{uw) ^ c+{u) or 
u G S*! \ {zi,Z£} with c{uw) 7^ c_(it) as P is a properly coloured path and 
u ^ {zi,^^}. Together with (i), (ii) and (iv), we may assume that at least 
one of the following statements hold: 

(afi) u € Ri and c{uw) 7^ c+(ti); 
{a'2) u € Si and c{uw) ^ c_(u); 
(a3) u = zi and c{ziw) = c{uw) ^ c{ziZ2). 

If n G then the definition of Ri implies that n_ G iV( and c(zin_) = 
c+(n_) 7^ c_(n_). Since n_ G A''(, c(5;i22) 7^ c{ziU-). A similar statement 
also holds for n G S*!, so at least one of the following statements hold: 

(ai) u G Ri, c{uw) 7^ c+(ti) and c{z\Z2) ^ c(ziu_) 7^ C-_(n„); 
(a2) n G Si, c{uw) 7^ c_(u) and c{ziZ2) / c(zin+) / c+(ti+); 
(as) n = zi and c(ziw) 7^ c(z\Z2). 

By symmetry, we can deduce that at least one of the following statements 
hold for w 

(bi) w G ciuvj) 7^ c+(u;) and c(2;^2;f_i) 7^ c(z(W-) 7^ c_(w_); 
(b2) w G 5'^, c{uw) 7^ c_(i(;) and c(z£Z£_i) / c(z£t(;+) 7^ c+(t(;+); 
(ba) w = zi and c(z£u) / c(z^_.iZ£). 

We now claim that 

(t) there exists a properly coloured 2-factor Fl' in G[y(P)] such that 
each cycle has length at least A;/2. 

If (t) holds, then Fl" = H — P + H' is a disjoint union of properly coloured 
cycles each of length at least k/2 on vertex set V{H). If V{H") = V{G), 
then H" is the desired properly coloured 2-factor. If z G V{G)\V{H"), then 
H" U z is a properly coloured 1-path-cycle contradicting the maximality of 
\H\ = \H"\. Therefore, in order to complete the proof, it suffices to prove (f) 
for each combination of (aj) and (bj) for 1 < i, j < 3. We say that u < w ii 
u = Zi and w = Zj with i < j. We would like to point out that Cases 2-6 are 
proved by similar arguments used in Case 1. Since the explicit structures 
of H' (see Figure [2]) are different, we include their proofs for completeness. 
Case 0: (33) and (ba) hold. Recall that if zi G A''^, then c{ziZ£) = c{ziZ2)- 
Hence, at least one of (as) and (bs) does not hold, a contradiction. 
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(a) u £ Ri and w — Se with U- = w 




W- w w+ 



U- u u+ 



(b) u £ Ri and w ^ Si with u- > 





(c) u G Ri and w £ Sg with u < w 




(d) u G Ri and w G i?£ with u < w 




w_ w w. 



u_ u u+ 



(e) u ^ Ri and w G Re with u> w 




(f) u ^ Ri and = 2^ 




(g) -u G 5i and w = Ri with li < w- 




Zi u_ u = w. 



= It? 

(h) u ^ Si and w = Rg with = iu_ 




(i) u ^ Si and w = Ri with u > w 




(j) € 5*1 and w = zi 
Figure 2. Structures of i?' 
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Case 1: (ai) and (b2) hold. We have the fohowmg three statements: 

c+(n) / c{uw) 7^ c^{w), (3-11) 

c{ziZ2) c{ziu^) c-{u-), (3.12) 

c{ziz£-i) c{zew+) ^ c+{w+). (3.13) 

If U- = w, then we set H' = ziPu^zi + w+Pziw^ (see Figure [2] (A) ) . Note 
that H' is properly coloured and a union of two cycles on vertex set V{H). 
By (ai) and ()3.8p . we have U- G N[ C Ni \ {zi, . . . , }• Thus, ziPu-Zi 
is a cycle of length at least k/2. By a similar argument, we deduce that 
w+PziW+ is also a cycle of length at least k/2 as w+ £ N'^ by (b2). Hence 
(t) holds. 

Next suppose that U- > w. If U- = w+ and c{z(:W+) = c{ziU-), then 
since u £ Ri, 

c{ZiW+) = c{ziu-) = c+{u-) = c+{w+) / c-{w+). 

This contradicts the fact that w £ Sg. Therefore, if u_ = w.^, then 
c(ziu_) 7^ c{z£W+). Together with (|3.1ip - ()3.13p . we conclude that H' = 
ziU-Pw+ziPuwPzi (see Figure [2] (B)) is a properly coloured spanning cy- 
cle on V{P), so (t) holds. 

li u < w, then ziPu-Zi, uPwu and w^Pz^w^ (see Figure [2] (C)) are 
properly coloured cycles by (|3.1ip - ()3.13p . We will show that each is a cycle 
of length at least k/2 (which then implies {])). By (ai) and (|3.8p . we have 
U- £ N[ C Ni \ {zi, . . . , -Z[fc/2] }• Thus, ziPu-Zi is a cycle of length at least 
k/2. Similarly, w+Pzcw^ is also a cycle of length at least k/3 as w+ G N'^ 
by (b2). Since u and w are chosen such that the subpath uPw has length at 
least k/2, uPwu has length at least k/2. Therefore, (f) holds for (ai) and 
(b2). 

Case 2: (ai) and (bi) hold. We have the following three statements: 

c+(n) 7^ c{uw) 7^ c+{w), (3-14) 

c{ziZ2) / c{ziu^) / c_(n_), (3.15) 

c{zezi^i) ^ c{ziw^) ^ c^{w^). (3.16) 

li u < w, then we set H' = ziPu-Zi + uPw-ZiPwu (see Figure [2] (D)). 
Note that H' is properly coloured. By (ai) and ()3.8p . we have U- € N[ C 
Ni \ {zi, . . . , 2|"fc/2] }• Thus, ziPu-Zi is a cycle of length at least k/2. Recall 
our choices of u and w that uPw has length at least k/2. This implies that 
uPw-ZiPwu is also a cycle of length at least k/2. Hence (f) holds. 

Next suppose that u > w. By (|3.14p . we deduce that w+ ^ u and so w < 
U-. Hence, wPu- is a path with length at least one. Together with (|3.14p - 
(|3.16p . we conclude that H' = z\Pw-ZiPuwPu-Zi (see Figure [2] (E)) is a 
properly coloured spanning cycle on V{P), so (f) holds. Therefore, (f) holds 
for (ai) and (bi). 

Case 3: (ai) and (ba) hold. Since w = Z£, we have 

c+(n) 7^ c{uzi) 7^ c^{zi^iZ£) and c(z\Z2) 7^ c(ziti_) 7^ c_(u_). (3.17) 

Note that both z\Pu-Z\ and uPz^u (see Figure[2](F)) are properly coloured 
cycles. By (j3.8p . both cycles have length at least k/2. Therefore, (f) holds 
for (ai) and (bs) by setting H' = ziPu-Zi + uPz^u. 
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Case 4: (a2) and (bi) hold. We have the fohowmg three statements: 



First suppose that u < W-. If = W- and 0(2:1 n+) = c^zgW-) =, then 
since w & Ri, 

c{ziu+) = c{ziw-) = c+{w-) = c+(n+) / c_(n+) 

This contradicts the fact that u ^ Si. Therefore, if ii+ = W-, then 
c{ziU-) 7^ c{ziw+). Together with (|3.18|) - (|3.2U|) . we conclude that H' = 
ziPuwPz£W-Pu+zi (see Figure [5] (G)) is a properly coloured spanning cy- 
cle on V{P), so (t) holds. 

If n = w^, then H' = ziPw-ZiPu^zi (see Figure [2] (H)) is a properly 
coloured spanning cycle on V{P) by (|3.19p and (j3.20p . Thus (|) holds. 

Suppose that u > w. By (jS.lSp . we deduce that u;+ 7^ u and so w < 
Hence, wPuw is a properly coloured cycle. Moroever, it has length 
at least A;/ 2 by our choices of u and w. By ()3.19p and (|3.20p . we conclude 
that ziPw^ZiU^zi is a properly coloured cycle. It has length at least k 
by (|3.8p . Hence (j) holds by setting if' = wPuw + ziPw-Z^PuwPu-Zi (see 
Figure [2] (I)). Therefore, (j) holds for (a2) and (bi). 
Case 5: (a2) and (bs) hold. Since w = z^, we have 

c_(m) / c(u2;£) / c_(2;£_i2:£) and 0(2:1 22) / c{ziu+) / c+(m+). 

Note that 2:iPm2^Pu_|_2:i (see Figure[2](J)) is a properly coloured cycle span- 
ning V{P) and so (j) holds. 

Case 6: (aO and (bj) hold for (i,j) € {(3, 2), (2, 2), (3, 1)}. Let P' = 

z'^z'2 ■ ■ ■ z'f^ be the properly coloured path obtained by reversing P. Hence, 
z[ = Z£-i+i for all 1 < i < i. Given x' = z[ G y{P') we abuse the notation 
and write x+/ and X-i to mean z[j^i and z[_i. Also, let cy{x) and c_'(x) 
to mean the colours c(xx+') and c{xx^i ) respectively. (Hence, these primed 
notations are defined respect to P' .) Recall that P' is the reversed P, so 
c+'(a;) = C-{x) and c_'(a;) = c+(x). Further, set u' = w and u;' = u. 

Now suppose that (aa) and (b2) hold. Under the primed notation, we 
have 

c_|_'(n') 7^ c(n'2^) 7^ c^{z'g_-^^z'f^) and 0(2:122) 7^ c(z^n'_/) 7^ c_'(n'_/). 

More importantly, if we ignore the primes, then we obtain ()3.17p . Therefore, 
in hindsight, we are in case when (ai) and (bs) hold with respect to P' , i.e. 
we are in Case 3. Hence, (j) holds by setting H' = z[P'u'_,z[ + u'P'z'^u' . 

Similarly, we deduced that the case when (a2) and (b2) hold with respect 
to P, corresponds to the case when the case when (ai) and (bi) holds with 
respect to P'. Also, (as) and (bi) (with repsect to P) corresponds to (a2) 
and (bs) (with respect to P'). Therefore, we are in Case 1 and Case 5 
respectively. The proof of the lemma is completed. □ 



c_(n) 7^ c{uw) 7^ c+{w), 
c{ziZ2) / c(2:iii+) 7^ c+(u+), 
c(2:^2:^_i) / c{zi,w^) / c_ (■«;_). 



(3.18) 
(3.19) 
(3.20) 



4. ABSORBING CYCLE 



The aim of this section is to prove the following lemma, that is, to show 
that there exists a small absorbing cycle. 
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Lemma 4.1 (Absorbing cycle lemma). Let < e < 2^^3~^. Then exists 
an integer hq such that whenever n > uq the following holds. Suppose that 
G is an edge-coloured graph of order n with (5f (G) > (2/3 + e)n. Then 
there exists a properly coloured cycle C of length at most 2en/3 such that 
for all k < (8e2?i)/243 and for any vertex- disjoint properly coloured paths 
Pi, . . . ,Pk in G\C, there exists a properly coloured cycle spanning the vertex 

setViC)U[jl<^<kyiPi)■ 

Given a vertex x, we say that a path P is an absorbing path for x if the 
following conditions hold: 

(i) P = Z1Z2Z3Z4 is a properly coloured path of length 3; 

(h) V{P) n {x} = 0; 

(iii) ziZ2XZ3Zi is a properly coloured path; 
Next we define an absorbing path for two disjoint edges. Given two vertex- 
disjoint edges X1X2, 2/12/2, we say that a path P is an absorbing path for 
(xi, X2; 2/2> 2/1) if the following conditions hold: 

(i) P = Z1Z2Z3Z4 is a properly coloured path of length 3; 

(ii) y(P)n{xi,X2,2/i,2/2} = 0; 

(iii) both Z1Z2X1X2 and 2/22/1-23^4 are properly coloured paths of length 3. 

Note that the ordering of (xi, X2; 2/2, 2/i) is important. Given a vertex x, 
let C{x) be the set of absorbing paths for x. Similarly, given two vertex- 
disjoint edges X1X2, 2/12/2; let £(xi, X2; 2/2, 2/i) be the set of absorbing paths 
for (xi, X2; 2/2; 2/1) • By the definition of an absorbing path for (xi, X2; 2/2,2/1)) 
we obtain the following simple proposition. 

Proposition 4.2. Let P' = x\X2 ■ ■ ■ X£-iXi be a properly coloured path with 
i > 4. Let P = Z1Z2Z3Z4 be an absorbing path for (xi, X2; x^_i, x^) with 
V{P) n V{P') = 0. Then zi 22X1X2 . . . xi-iXiZ^z^ is a properly coloured path. 

Lemma 14.11 will be proved as follows. Suppose that (5J(G) > (2/3 + 
e)n. In the next lemma, Lemma 14. 3t we show that every £(x) and every 
£(xi, X2; 2/2) 2/1) are large. By a simple probabilistic argument. Lemma [13] 
shows that there exists a small family T' of vertex-disjoint properly coloured 
paths (of order 4) such that J^' contains at a linear number of members of 
JC{x) for all X € V{G) and a similar statement for £(xi, X2; 2/2) 2/i)- Fi- 
nally, we join all paths in J-' into one short properly coloured cycle C using 
Lemma 14.51 Moreover, C satisfies the desired property in Lemma |4. II 

Lemma 4.3. Let < e < 1/2 and let n > be an integer. Suppose that 
G is an edge-coloured graph on n vertices with 5f (G) > (1/2 + e)n. Then 
\C{x)\ > e'^n^ for every x € y{G) and |£(xi, X2; 2/2) 2/i)l ^ e^n^ for every 
four distinct vertices xi, X2, 2/I) 2/2 ^(C) with X1X2, 2/12/2 £ E{G). 

Proof. Fix a vertex x G y{G)- Choose a vertex Z2 G N{x). Next pick 
another vertex z^ G N{z2) n A^(x) such that c{xz2) 7^ c{z2Z3) 7^ c(xz3). 
Notice that the number of such 2:3 is at least 25i{G) — n > 2en. Since 
(5J(G) > {1/2 + £)n, A{H) < {1/2 — e)n for all monochromatic subgraphs H 
in G. Hence, the number of zi G V{G) \ {x,Z2,Z3} such that c{z2Z3) ^ 
c{ziZ2) 7^ c{z2x) is at least (5f (G) — (1/2 — e)n — 2 > en. Fix one such zi. 
Similarly, there are at least en choices for z^ G V{G) \ {x, zi, Z2, Z3} such 
that 0(2223) 7^ 0(2324) 7^ c(x23). Notice that 21222324 is an absorbing path 
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for X. Recall that every path is assumed to be directed. Therefore, there 
are at least Si{G) x 2en x en x en > e^n"^ many absorbing paths for x. 

Next, fix vertex-disjoint edges xiX2 and yiy2 in G. Choose a vertex Z2 S 
-^(^i) \ {3^1 ) 3^2) yi) 2/2} such that c{xiZ2) 7^ c{xiX2)- Pick another vertex 
Z3 € N{z2)\{xi,X2,yi,y2} such that c{xz2) 7^ 0(^22:3) and 0(2/1^3) / c{yiy2). 
The number of such Z3 is at least 26i{G) — n — l> 2en — 1. We then extend 
Z2Z3 into an absorbing path for (xi, X2;y2,yi) by a similar construction used 
above. Furthermore, there are at least {61(G) — 2) x (2en — 1) xenxen > e'^n^ 
many absorbing paths for {xi, X2;y2,yi)- D 

The next lemma is proved by a simple probabilistic argument since each 
of C{xi,X2;y2,yi) and C{xi,X2;y2,yi) is large. 

Lemma 4.4. Let < 7 < 1. Then exists an integer no such that whenever 
re > no the following holds. Let G be an edge-coloured graph on n vertices. 
Suppose that \C{x)\ > ^n'^ for every x G V{G) and \C{xi,X2;y2,yi)\ > 
for every four distinct vertices xi,X2,yi,y2 G ^(C) with X1X2, yiy2 G E{G). 
Then there exists a family T' of vertex- disjoint properly coloured paths each 
of length 3 such that 

< 2^^ -in, 

\ll{x) n T'\ > 2-%2^ for all x G V{G), 

\C{xi,x2;y2,yi)nJ^'\ > 2-V^ 

for every four distinct vertices xi,X2,yi,y2 G V{G) with X1X2, yiy2 S E{G). 

Proof. Recall that each path is assumed to be directed. So a path ziZ2Z3Z4^ 
will be considered as a 4-tuple {zi, Z2, Z3, Z4). Choose a family T of 4-tuples 
in V{G) by selecting each of the n!/(n — 4)! possible 4-tuples independently 
at random with probability 

7 (n-4)! 7 o 

P = ^ V TTi ^ 2-^re-3. 

(n — Ij! 

Then by Chernoff 's bound (see e.g. [2]) with probability 1 — o(l) as n — >• 00, 
the family satisfies the following properties: 

< 2p^-^ = 2-Sre (4.1) 

and, for every x € V{G), 

|£(x) n J-| > ||£(xi, 2:2; 2/2,2/1)1 > (4.2) 
and, for every four distinct xi,X2,yi,y2 G ^(C) with X1X2, 2/12/2 G E{G), 

|£(xi,X2;2/2,2/i) n J"! > ||£(xi,X2;2/2,2/i)| > 2'^j^n. (4.3) 

We say that two 4-tuples (01,02,03,04) and (61, ^2; &3> ^4) are intersecting 
if Oj = bj for some 1 < i,j < 4. Furthermore, we can bound the expected 
number of intersecting 4-tuples in T from above by 

n! 9 (re — 1)! o ^ 9 

7 ^ X 42 X ) X / = 2-1072^. 

(re -4)! (re -4)! 
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Thus, using Markov's inequality, we derive that with probabihty at least 1/2, 

J- contains at most 2~^7^?i intersecting pairs. (4.4) 

Hence, with positive probability the family T has all properties stated in 
(j4.ip - (j4.4|) . By deleting all the intersecting 4-tuples and those 4-tuples not 
absorbing paths in such a family J-", we get a subfamily T' consisting of 
pairwise disjoint 4-tuples, which satisfies 

\L{x) n T'\ >2-^-i^n - = I'^^l^n 

for every x € y{G) and a similar statement holds for \L(x\,X2\y2-,y\) n J^'|. 
Since each 4-tuple in T' is an absorbing path, T' is a set of vertex-disjoint 
properly coloured paths of length 3. □ 

In order to prove Lemma |4.H it is sufficient to join the paths in T' given 
by Lemma 14.41 into a short properly coloured cycle C . The next lemma 
shows that we can join any two disjoint edges into a properly coloured path 
of length 5. 

Lemma 4.5. Let n,k > 1 be integers. Suppose that G is an edge- coloured 
graph of order n with Sf{G) > 2n/3 + k. Let xiX2, yiy2 be two edges in 
G with X2 7^ y2- Then there exist {3k — 2)(2n/3 + k — 2) paths ziZ2 with 
z\, Z2 G y{G) \ {xi,X2,yi,y2} such that both X1X2Z1Z2 and ziZ2y2yi o,re 
properly coloured paths. In particular, if xi, X2, yi and y2 are distinct, then 
xiX2ZiZ2y2yi is a properly coloured path. 

Proof. Let X be the set of vertices x € N{x2) \ {xi,X2,yi,y2} such that 
c{xx2) 7^ c{xiX2). Similarly, let Y be the set of vertices y G -^(^2) \ 
{xi,X2,yi,y2} such that c{yy2) / c{yiy2). So |X|,|y| > 51{G) - 2 > 
27T,/3 + — 2. Define an auxiliary bipartite directed graph II with vertex 
classes X and Y such that for x ^ X and y ^Y 

(a) xt) G E{II) if and only if xy G E{G) and c{xy) ^ c{xx2); 

(b) yi G E{H) if and only if xy G E{G) and c{xy) ^ 0(2/2/2)- 
The outdegree of each x G X in is 

d+{x) = \Y n{z £ Ng{x) : cixz) ^ c{xx2)}\ 
> \Y\ + 61{G) -n> {\Y\ + 3k- 2)/2 

and similarly for each y (^Y, d^{y) > {\X\ + 3k — 2)/2. Hence the number 
of directed 2-cycles in H is at least 

^d+(x) + ^d+(2/)-|x||y| 

.^ \XH\Y\ + 3k-2) ^ |r|(|X|+3t-2) 



2 

Let Z1Z2 be a directed 2-cycle in H with zi (z X and Z2 G Y. This implies 
that c{x2Zi) ^ c{ziZ2) c{zy2). Hence, X1X2Z1Z2 and ziZ2y2yi are properly 
coloured paths. Therefore, the lemma follows. □ 

We are ready to prove Lemma |4.1[ 
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Proof of Lemma \4-l\ Let 7 = 2^e/9. By Lemma 14.31 (taking e = 1/6), 
C{x) > 7?!^ for all x G V{G) and C{xi,X2;y2,yi) > 7"-^ for every four 
distinct vertices xi,X2,yi,y2 G ^(G) with xiX2, 1/11/2 G E{G). Let J^' 
be the set of properly coloured paths obtained by Lemma 14.41 Therefore, 
< = en/9 and 

\C{x) n T-'l > 2-^2^ = 2£^, X2; y2, 2/1) n > ^ (4.5) 

oi oi 

for all x G V^(G) and every four distinct vertices xi,X2,yi,y2 € V{G) with 
3;i3;25 2/12/2 £ E{G). Suppose that P is a family of at most (8e^n)/243 
vertex-disjoint properly coloured paths in 1/ \ V{T'). Let V' be the family 
of vertex-disjoint properly coloured paths in F \ V[F') obtained from V by 
breaking every path P £ V with |-P| < 3 up into isolated vertices. Hence, V' 
contains at most (8e^n)/81 paths and for each path P in 'P'either \P\ = 1 or 
\P\ > 4. Now, we assign each path P in V to a distinct path Q in F' such 
that Q G C{V{P)) if \P\ = 1 and Q G C{xi, X2; xg-i, xi) if P = xiX2---Xi 
and i > 4. The assignment exists by ()4.5|) . Apply Proposition 14.21 to each 
pair (P, Q) for P in "P' and obtain a family J-"" for vertex-disjoint paths such 
that I J"' I = \ J^"\. Note that 

y(jr") = y F(p') = V{T') U F(P). 

Moreover, there is an one-to-one correspondence between each path P' G J^' 
and P" G J^" such that the endedges of P' and P" are the same. Therefore, 
in order to prove Lemma l4.ll it is sufficient to join the paths of J^' into a 
properly coloured cycle C with |C| < 2en/3. 

Let Pi, ... , P\j^'\ be the properly coloured paths in J-"'. For each 1 < j < 

we are going to find an edge Cj = z\z2 such that V[ej) fl V{F') = 0, 
PjZ-JzgPj+i is a properly coloured path and V{ej) Pi V{eji) = for j 7^ 
where we take P|_7r/|_|_i = Pi. Assume that we have already found ei, . . . , ej-i. 
Let Pj = uiU2i^3^'4 and Pj+i = v[v2v'^v'^. By Lemma H3] taking xi = V3, X2 = 
^4, yi = V2 and y2 = v'l, there exist at least 4en^/3 edges e = zi2;2 such that 
V3ViZiZ2v[v'2 is a properly coloured path. Set Wj = V{T') U Ui<j'<j ^(^i')) 
so 

\Wj\ < \V{T')\ + 2{j - 1) < + 2|J^'| = 6|-P'| < 2en/3. 

Moreover, the number of edges zi^;2 incident with V{Q) fl V{Wj) is at most 
|Wj|n < 2en?/3. Therefore, there exists an edge zlz^ in Wj] such that 

vzViz\z2v'iv'2 is a properly coloured path, which implies that Pjz\z2Pj+i is 
a properly coloured path. This means that there exists a properly coloured 
cycle C obtained by concatenating Pi, ei, P2, 62, . . . , P]jr/|, e|jr/|. Note that 
\C\ < 6\J-'\ < 2en/3. This completes the proof of Lemma |4.1[ □ 

5. Proof of Theorem 11.41 

First, we prove that G contains a properly coloured triangle if 6i{G) > 
2n/3 - 1. 

Proposition 5.1. Let G be an edge-coloured graph on n vertices with 5i(G) > 
2n/3 — 1. Then every vertex in G is contained in a properly coloured triangle. 
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Proof. Let x be a vertex in G and let c be the edge-colouring on G. Define 
H to be the directed graph on N{x) with directed edges yi if and only if 
yz is an edge in G[N{x)] with c{yz) ^ c{xy) ^ c{xz). For y G V^(-ff), the 
outdegree of y in if is 

> \{z G iV(y) : c{yz) ^ c{xy)}\ + \{z G N{x) : c{xz) c{xy)}\ - (n - 2) 

> 261{G)-n + 2. 

Note that if yz is a directed 2-cycle in H, then {x, y, z} forms a properly 
coloured triangle in G. Hence, we may assume that H does not contain 
any directed 2-cycles. Moreover, we may assume that if z^ is in H, then 
c{zy) = c{xy). By an averaging argument, there exists a vertex y G V{H) 
such that 

d-{y) > d+{y) > 261{G) -n + 2. 

Therefore 

dciy) > \{z G Nciy) : c{yz) = c{xy)}\ + \{z G Ndy) : c{yz) + c(xy)}| 
>d-(y) + <5J(G) >3(5J(G)-n + 2. 

Since dciy) < n — 1, the inequality above implies that 5^{G) < 2n/3 — 1, a 
contradiction. □ 

Finally, we are going to prove Theorem 11.41 

Proof of Theorem \1.4\ Let G be an edge-coloured graph on n vertices with 
^liG) > {2/3+e)n as stated in Theorem 1 1.41 By Proposition ETJ G contains 
a properly coloured triangle. 

Suppose that £ is an integer with 4 < £ < en/3. Since 5f (G) > (2/3-1- 
e)n, we can greedily constructed a properly coloured path of length 2n/3. 
In particular, G contains a properly coloured path P = xiX2 . . . xi_2 of 
length i — 3. Let G' be the subgraph of G obtained after removing all 
the vertices X3,X4,. . . ,x^_4. Note that (5f(G') > 2(n + e)/3> 2\G'\/3 + 1. 
Hence, Lemma 14.51 implies that there exist distinct zi,Z2 G V{G') such that 
both Xf_3a;£_2-Zi-Z2 and Z1Z2X1X2 are properly coloured paths. Therefore, 
X1X2 . . . , x^_22:i-Z23;i is a properly coloured cycle of length i. 

Suppose that en/3 < i < n. Let G be the properly coloured cycle given 
by Lemma [4. It so \G\ < 2en/3. Let G" be the subgraph of G obtained after 
removing all the vertices of C. Note that (5f(G") > {2+e)n/3 > {2+e)\G"\/3. 
By Lemma 13.31 G" can be covered by at most Qe~^ vertex-disjoint properly 
coloured paths. That is, we can find vertex-disjoint properly coloured paths 
Pi, . . . ,Pfc in G" such that k < Ge'^, V{Pi) n V{Pj) = for all i / j and 
{jPi = V{G"). By removing vertices in the paths, we may assume that 
the paths Pi, . . . , P^ span exactly i — \C\ vertices. By the property of G 
guaranteed by Lemma 14.11 there exists a properly coloured cycle G' with 
V{C') = V{G)U\J^^i^^V{Pi). Note that \G'\ = + ^ \Pi\ = i. Therefore, 
G' is a properly coloured cycle of length i. □ 
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